Joe Dinius MATH 527A
Practice Midterm 1 October 13, 2008

1. (X,p) and (Y, 0) are metric spaces. Show that 7 defined by

7((z,y), (2", y") = max(p(z,2),0(y,y"))
defines a metric on X x Y.

Solution. Need to show non-degeneracy, symmetry, and triangle inequality.
(non-degeneracy)

Since p, o are metrics on X, Y

p > OVe,2'€X, ando>0Vy,y/ €Y
— max(p,0) = 7>0.

p = 0= xz=2a

o= 0= y=1
= max(p,0) = 7=0 = z=2"andy =1y

=—> 7 non-degenerate.

(symmetry)

p o(y,y'))
oy ,y)) since p, o are metrics

T((x7y)><xlay/)) = max
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\/\/\
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—> T symmetric.

(triangle inequality)

Since p, o are metrics

plxy,z3) < p(x1,29) + p(x2, T3)
oy, y3) < py1,y2) + p(Y2, y3)-
It follows that
T((.Tl,yl)7($3,y3>) = max{p .’El,.ng ylay?)))

(o(
< maX(p(xh‘rQ +p I27x3) (91792) +0(y27y3>)
< max(p(x1,22),0(y1,y2)) + max(p(z2, ¥3), 0 (Y2, ys))

= ((951>y1), (-TQ, y2)) ((ﬂ% yz), (153, y3))
—> 7 satisfies triangle inequality.

. T 1S a metric.



2. We define a map ¢ on sequences by {y,,} = ¢({z,}) where

Yn = TnTn+t1-
Show that ¢ is a continuous map from /*(R,N) into I!(R, N).

Solution. Let z,, — = € [?, that is ||z, — z|]2 < d.
lgn = vl = D 1"~ uil
i=0
= Z xz('n)wz(i)l — TiTit1]
i=0
- Z xl('n)zz(i)l - xz(i)lxi + xz(i)lxi + 21|

1=0

= Z |l’z(-i)1 (2t — 2;) + xi(ifz(-i)ﬂfiﬂ
=0

IN

Z |x§i)1 (=" — 2)| + Z |xz(xfi)1 — ;)]  Mink6wski’s inequality
=0 i=0

< lz™|o||z™ = z||y + [|2||*||z™ — ||, Holder’s inequality
< Co=ce

Therefore ¢ is continuous.

3. Show that, for all @ > 0, there is a constant C,, (independent of \) such that

0 ef)\t C
dt < =2 V)
A TS A

Solution.
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= C<—ie_’\pt ) ’ = —C )
)\p 0 Al/ppl/p

Let a =1/p = f < % This works for 0 < o < 1. For e > 1. Make u-substitution

dt




u = At.

oo —At [e'e] —u
/ C _at = l/ —°
o 1+t Ao 1+u/A
oo ef’u,
= d
/0 /\—I—uu
[e’s) 1 q 1/‘1
< o([ (i) ™)
0o \Atu

1 1/q 171))‘ 1 1/q 1—p
= (O —— < | =(C —— A a .
1) Lo

For p = 1, the integral does not converge. Let a = ’%1 = [ < Cla _ Ca

A e

. Let V.= (R"||-|]1) and W = (R™,|| - ||oc). A is an n X n matrix. Find the induced
norm for the linear map ¢ : V' — W given by x +— Az (Note: V and W have different
norms!)

Solution.

n
E aijxj

n
< Supz = sup [ai;|oo|;][1 = sup sup [a;;].
j:1 (2 (2 (2 7

j=1

||Az|oo = sup

To test, look at n = 2. Let aj,; be the max and choose e, basis vector that picks out
the maximum value of each column.

n

E a;;€

i=1

||Az|[oc = sup
J

. Show that there is a unique smooth solution to the nonlinear boundary value problem
uyx = v, u(0) =u(l) =0,

Solution. Use energy norm




But, both integrals are non-negative, so

1 1
/ uider = / u'dr =0
0 0

= |lu|]|lg = 0.

Assume v is another solution to the bvp. Then, ||lu|lg + ||v||z = 0. This implies
llu — v||g < 0. But norm is non-negative, which implies u = v. So the solution is
unique.



